A calculation of dynamic polarizabilities of rovibrational states with vibrational quantum number v = 0 − 7 and rotational quantum number J = 0, 1 in the 1sσ g ground-state potential of HD + is presented. Polarizability contributions by transitions involving other 1sσ g rovibrational states are explicitly calculated, whereas contributions by electronic transitions are treated quasi-statically and partially derived from existing data [R.E. Moss and L. Valenzano, Molec. Phys., 2002, 100, 1527. Our model is valid for wavelengths > 4 µm and is used to to assess level shifts due to the blackbody radiation (BBR) electric field encountered in experimental high-resolution laser spectroscopy of trapped HD + ions. Polarizabilities of 1sσ g rovibrational states obtained here agree with available existing accurate ab initio results. It is shown that the Stark effect due to BBR is dynamic and cannot be treated quasi-statically, as is often done in the case of atomic ions. Furthermore it is pointed out that the dynamic Stark shifts have tensorial character and depend strongly on the polarization state of the electric field. Numerical results of BBRinduced Stark shifts are presented, showing that Lamb-Dicke spectroscopy of narrow vibrational optical lines (∼ 10 Hz natural linewidth) in HD + will become affected by BBR shifts only at the 10 −16 level.
Introduction
The molecular hydrogen ion (H + 2 ) and its isotopomers (HD + , D + 2 , HT + , etc.) are the simplest naturally occurring molecules. As such they are amenable to high-accuracy ab initio level structure calculations, which are currently approaching 0.1 ppb for rovibrational levels in the electronic ground potential 1 . The inclusion of high-order QED terms in these calculations makes molecular hydrogen ions an attractive subject for experiments aimed at comparison with theory and tests of QED. With rovibrational states having lifetimes exceeding 10 ms it has long been recognized that optical (infrared) spectroscopy could provide accurate experimental input, and several experimental studies were undertaken 2, 3 or are currently in progress 4 . The highest accuracy that has hitherto been achieved is 2 ppb for a Doppler-broadened vibrational overtone transition at 1.4 µm in trapped HD + molecular ions, sympathetically cooled to 50 mK 3 . By comparison, the highest accuracy achieved in laser spectroscopy of laser-cooled atomic ions, tightly confined in the optical Lamb-Dicke regime, is ∼ 1 × 10 −17 in the case of the Al + optical clock at NIST Boulder, USA. 5 . The Al + optical clock employs quantumlogic spectroscopy (QLS) which utilizes entangled quantum states of two trapped ions, one of which is used for (groundstate) laser cooling and efficient state detection, whereas the other ion contains the transitions of spectroscopic interest 6 . It has been pointed that Doppler-free spectroscopy may be performed on HD + as well 3 , and also that QLS may be used for spectroscopy of molecular ions 7 . Accurate results of laser spectroscopy of HD + are of interest for the determination of the value of the proton-electron 1-9 | 1 mass ratio, m p /m e 2 , and for the search for a variation of m p /m e with time 9 . The former may be achieved by combining ab initio theoretical results with results from spectroscopy at an accuracy level of ∼ 10 −10 ; for the latter spectroscopic results with an accuracy of ∼ 10 −15 are required to improve on the current most stringent bounds 10, 11 . In both cases spectroscopy of optical transitions is faced with level shifts due to magnetic and electric fields and, to a lesser extent, shifts due to collisions and relativistic effects. The Zeeman effect of HD + was recently considered by Bakalov et al., and level shifts to second order in the magnetic field were given for a large set of rovibrational states 12, 13 . Static polarizabilities of vibrational states with rotational quantum number J = 0, 1 were calculated and reported by several authors 14, 15 , while dynamic polarizabilities of HD + vibrational states with J = 0 were evaluated for a discrete set of two-photon transition wavelengths in the 1-18 µm wavelength range 15 . However, to our knowledge, no results on dynamic polarizabilities of HD + for vibrational states with J > 0 are available in literature. Polarizabilities of such states for a wide range of infrared wavelengths are required for the calculation of differential Stark shifts due to blackbody radiation (BBR). Moreover, since the BBR spectrum encompasses several rovibrational transitions of the HD + ion, it is expected that the quasi-static treatment of BBR-induced Stark shifts as often done in the case of atomic ion species is not valid for HD + . Rather, the case of HD + will be analogous to that of neutral polar molecules, for which BBR-induced Stark shifts were evaluated using dynamic polarizabilities 16 . This Article addresses the (BBR-induced) dynamic Stark effect of HD + and is organized as follows. In Sec. 2 we present our model to calculate dynamic polarizabilities and BBR-induced Stark shifts, followed by a discussion of the results for several rovibrational states in the 1sσ g ground-state potential of HD + in Sec. 3. Conclusions are presented in Sec. 4. Throughout this Article, the terms 'Stark effect' and 'polarizability' will be used interchangeably, and SI units will be used.
Theory
Figure 1(a) shows a partial energy level diagram of the HD + molecular ion including the electronic ground-state potential, 1sσ g , and the first electronically excited potential, 2pσ u . Note that in HD + the g/u symmetry quantum labels are only approximately good quantum labels as the nonidentical nuclei introduce g/u symmetry breaking at large internuclear range. The potential energy curves shown are interpolations of data published by Esry and Sadeghpour 17 , who present the potential energy as the sum of a nonrelativistic, fully adiabatic curve, and a diagonal nonadiabatic correction. We use these curves to obtain (real-valued) radial wavefunctions of nuclear motion, χ vJ (R), by numerical solution of the radial Schrödinger equation including the centrifugal term due to the molecular rotation:
where R denotes the internuclear separation, µ stands for the nuclear reduced mass of the molecule, v labels the vibrational state, J is the rotational angular momentum of the molecule, and E v,J is the rovibrational energy. V i (R) are the potential energy curves for the i = 1sσ g , 2pσ u states taken from Esry and Sadeghpour 17 , who also provide dipole moment functions D 1 (R) and D 12 (R). These correspond to the dipole moment of the 1sσ g state and the dipole moment of electronic transitions between 1sσ g and 2pσ u , respectively.
The dynamic polarizability corresponds to the ability of the HD + molecule to deform under the influence of an oscillating electric field, and depends on the strengths and frequencies of many electric dipole transitions in both the nuclear and the electronic degrees of freedom. Laser spectroscopy on HD + is typically performed on transitions between low-lying rovibrational levels in the 1sσ g state, and it is the dynamic polarizability of these levels that we will focus on here. The dynamic polarizability, α(ω), is defined as follows. A quantum state with quantum numbers (v, J, M ) (with M corresponding to the projection of J on the space-fixed z-axis) and energy E vJM will undergo an energy shift ∆E due to the interaction with a monochromatic electric field with amplitude E, polarization state q, and angular frequency ω equal to
In the remainder of this Article, the polarization state q ∈ (−1, 0, 1) will be taken q = 0 (i.e. linear polarization parallel to the space-fixed z-axis) and we will omit the label q altogether; see Sec. 2.1. The dynamic polarizability can be written as α vJM (ω) = α To simplify the calculation, we will restrict ourselves to the two strongest sets of transitions from the rovibrational states of interest. These are (1) purely rovibrational transitions within the electronic ground state 1sσ g , and (2) electronic dipole transitions to dissociating states in 2pσ u .
Dynamic polarizability due to rovibrational transitions in 1sσ g
As a starting point we will use the energy shift derived using time-dependent second-order perturbation theory, [Eq. (7.73)] in the textbook by Sobelman 19 , 
Hence, ω vv ′ JJ ′ > 0 for transitions to more highly-excited states and ω vv ′ LL ′ < 0 for transitions to lower states. For purely rovibrational transitions, the squared dipole transition
with
The dipole matrix element µ vv ′ JJ ′ is a vector oriented along the internuclear axis of the HD + molecule. Therefore, in order to evaluate the matrix elements, µ vv ′ JJ ′ needs to be transformed from the molecule-fixed to the space-fixed frame by rotation about the set of Euler angles ω E , which is implemented through the rotation operator D * −q0 (ω E ) in the first factor in Eq. (5) . In arriving at the second line of Eq. (5) we use the fact that for states with Λ = 0 (like for 1sσ g , while ignoring the spins of the proton, deuteron and electron) the projection of J on the internuclear axis is zero. As stated in Sec. 2, we will consider the case q = 0 only.
The squared matrix elements µ 2 vv ′ JJ ′ are readily evaluated using the numerical expressions for wavefunctions and dipole moment functions introduced above. The expression for α rv vJM (ω) is obtained after inserting Eqs. (4) and (5) into Eq. (3), followed by equating Eq. (3) to Eq. (2) and solving for α rv vJM (ω) (momentarily assuming that α e vJM (ω) = 0). As we here focus on low-lying vibrational levels and dipole transitions only, we will truncate the summation in Eq. (3) to v = 9, and also ignore the contribution by purely rovibrational transitions to continuum states above the 1sσ g dissociation limit. This is justified as the line strength of vibrational overtones decreases rapidly with increasing order of the overtone. The summation is furthermore limited to terms obeying the selection rule J ′ = J ± 1.
Polarizability due to electronic transitions
For static electric fields (ω → 0), it is known that α
14 . This may not necessarily be the case for infrared frequencies, for which α rv vJM (ω) is expected to be smaller as spectrally nearby vibrational overtones are generally weak, whereas the detuning from strong rotational transitions and fundamental vibrations is large. Thus, there may be spectral regions where α e vJM (ω) becomes comparable in magnitude to α rv vJM (ω). However, transitions from low-lying 1sσ g rovibrational states to 2pσ u states are located in the ultraviolet (UV) or even in the vacuum-ultraviolet (VUV) spectral range. Since the frequencies present in the T = 300 K BBR spectrum are in the infrared (peak emission wavelength ∼ 10 µm), it seems 
Results and discussion

Rovibrational wavefunctions and dipole matrix elements
Before discussing the results of our method to obtain α vJM (ω), it will be worthwhile to investigate the accuracy of the wavefunctions χ vJ (R) and energy levels E vJ obtained from Eq. (1), as well as the accuracy of the radial dipole matrix elements µ vv ′ JJ ′ calculated using Eq. (6) . From comparisons with more accurate nonrelativistic level calculations for HD + 9 the inaccuracy of the energies E vJ calculated here is found to be a few parts in 10 5 (or less than 0.5 cm −1 ), in correspondence with the accuracy specified by Esry and Sadeghpour 17 . The accuracy of the energy levels also gives an indication of the accuracy of the wavefunctions χ vJ (R).
In order to check the accuracy of the radial matrix elements µ vv ′ JJ ′ , a comparison can be made with values calculated by Colbourn and Bunker 8 . Here it is important to note, however, that Colbourn and Bunker ignore effects of g/u symmetry breaking by using a dipole moment function D CB (R) ≈ eR/6 (with e the electron charge)
§ . This functional form is valid § This expression follows from evaluating the HD + 1sσg dipole moment with respect to the center of mass at the equilibrium internuclear separation, for which the electron on average sits halfway the two nuclei.
at short internuclear range, where effects of g/u symmetry breaking are small. However, for large internuclear separation in the 1sσ g state of HD + , the electron sits primarily at the deuteron, which leads to a dipole moment function varying for large R as ≈ (2/3)eR. The function D 1 (R) provided by Esry and Sadeghpour includes effects of g/u symmetry breaking, as illustrated in Fig. 1(b) . To compare with the results by Colbourn and Bunker, we first use our χ vJ (R) with D CB (R) to obtain matrix elements µ 15 , which agree with our result to within 3%.
value of α rv vJM (0) is found to be ≤ 1 × 10 −3 . We also monitored the effect of the truncation of Eq. (3) to v ′ = 9. This has no noticeable effect at the 1 × 10 −3 level for states v ≤ 7. , which were calculated with high accuracy for vibrational states with J = 0 by Hilico et al. 18 . In Table 2 it can be seen that for each vibrational state, the HD . This is explained by the fact that the energy of a given vibrational state scales as 1/µ, with µ the reduced nuclear mass of the isotopomer. Thus, for large reduced mass, vibrational levels are more deeply bound and therefore exhibit a smaller static polarizability. As the variation of binding energy is small compared to the typical energies of transitions to 2pσ u states, the mass scaling of the polarizability is approximately linear, and the value for HD + should be located halfway the values for H Table 2 .
Accuracy of α
Dynamic polarizability results
Accuracy of the approximation.
As discussed in Sec. 2.2, we will approximate the dynamic polarizability
For the infrared spectral range of interest here (λ ≥ 4 µm) we believe that by approximating α Tables 1 and  3 . In order to verify the accuracy, we compare the result of Eq. (7) with the more accurate values calculated by Karr et al. for a discrete set of wavelengths for states with J = 0 (Fig. 2) . The results of the two methods are found to agree within 1% for v = 0 and within 3% for v = 7. As the comparison is made for relatively short wavelengths, for which the polarizability stems almost entirely from α e vJM (ω), the level of agreement is consistent with the estimated error of ≤ 10% in the value of α e vJM (0). The result for α e vJM (0) obtained here is more useful than one would expect on the basis of its error margin for two reasons. First, for dynamic Stark shifts due to BBR (found by integrating the dynamic Stark shift over the BBR electric field spectral density; see Eq. (9) and the Appendix), we estimate the error introduced by the quasi-static approximation to be even smaller, ≤ 3%. Second, for spectroscopy one is primarily concerned with differential level shifts, for which the systematic errors in α vJM (ω) will partially cancel.
Dependence on |M | and polarization state.
It was mentioned in Sec. 2.1 that Eq. (7) tacitly assumes linearly polarized electric fields. For obtaining the shift due to unpolarized, incoherent BBR, it is necessary to average over the three independent polarization states q = −1, 0, 1. It may be shown 
The curves show marked tensorial differences between different M -states for polarized electric fields. It is also seen that for shorter wavelengths the contribution by rovibrational transitions becomes less significant, and that the electronic contribution becomes dominant instead. Furthermore, the magnitude of the average polarizability is seen to decrease towards longer wavelengths, which can be interpreted as an geometric averaging effect of the molecular rotation. (b) Mean-square electric field spectral density of the BBR at T = 300 K. The BBR spectrum encompasses several rovibrational transitions, which implies that the Stark effect due to BBR is dynamic. Furthermore, the BBR spectrum covers both the rovibrationally-dominated (long-wavelength) polarizability range and the electronically-dominated (short-wavelength) range. This illustrates the need to include both rovibrational and electronic polarizabilities in a calculation of dynamic Stark shifts due to BBR. from Eq. (5) that this is equivalent to averaging Eq. (7) over all M states:
leading to a shift ∆E BBR vJ (T ) due to the BBR mean-square electric field density
In our model, α vJ (ω) involves a summation over terms which diverge for frequencies equal to their respective rovibrational transition frequencies (Eqs. (2) and (3)). The integration over this sum is performed as follows. First, the convergence properties of the sum and BBR density function (Eq. (A.5) in the Appendix) allow to interchange the summation and integral signs, after which Eq. (9) is evaluated as a series of Cauchy principal value integrals. We stress that the average polarizability (Eq. (8)) can be applied to unpolarized, incoherent electric fields only. To illustrate this, we plot (for v = 0 and J = 1) both the average polarizability α vJ (ω) and the polarizabilities for linearly polarized electric fields α vJM (ω) and |M | = 0, 1 in Fig. 3(a) . For long wavelengths, α vJM (ω) is dominated by purely rovibrational transitions. This contrasts the situation for α vJ (ω), in which the rovibrational contributions to the polarizability average out due to the molecular rotation (see also Fig. 4) . Several rotational and vibrational transitions occur which decay by spontaneous emission (spontaneous lifetime ∼ 10 ms 22 ). Hyperfine structure (which is ignored in our model) of these transitions covers a spectral range of about 1 GHz 13 , which would not be visible on the scale of Fig. 3(a) . For wavelengths shorter than 20 µm, electronic transitions start to dominate the dynamic polarizability, except for narrow spectral regions near vibrational transitions where the rovibrational polarizability diverges. Another remarkable feature is the absence of certain divergences in the J = 1, |M | = 1 polarizabilities which do appear in the J = 1, M = 0 polarizability. This is due to the selection rule M ′ − M = 0 appertaining to electric fields linearly polarized along the z-axis (as assumed here). As a consequence, states with J = 1, M = 0 are coupled to states Table 4 Dynamic Stark shifts (in mHz) due to T = 300 K BBR for various vibrational states with J = 0, 1 with J ′ = 0, whereas states with J = 1, |M | = 1 are not, which explains the absence of J ′ = 0 − J = 1 divergences for |M | = 1 polarizabilities. As expected, the average polarizability α vJ (ω) contains all divergences. Figure 4 shows the behavior of the dynamic polarizabilities of J = 0, 1 states at very long wavelengths (electric field frequency approaching dc). Here, it is clearly visible that the 'rotationless' J = 0 state has large polarizability as there is no averaging effect by the rotation. In general, the dynamic polarizabilities display strong tensorial behavior, in particular in cases where the electric field is polarized. This is an important feature to bear in mind if Stark shifts due to the radiofrequency electric fields used in ion traps are to be considered, as these fields have a well-defined polarization. Fig. 3(b) , the Stark effect due to BBR at T = 300 K is dynamic. This situation differs radically from that for atomic ions, for which the Stark effect due to BBR radiation can be often treated quasi-statically. Thus, the treatment of systematic shifts in spectroscopy of HD + must be done with extra care, despite the fact that QLS of HD + molecular ions in the Lamb-Dicke regime may be done in a similar way as for atomic ions 3, 7 .
Results for BBR shift. As is obvious from
Dynamic Stark shifts due to T = 300 K BBR to several rovibrational levels are calculated by numerical integration of Eq. (9) using the Cauchy principal value package of the Mathematica computational program. Results are tabulated in Table 4 , in which we also specify the individual rovibrational and electronic contributions. The rovibrational contributions turn out to produce positive level shifts. This can understood qualitatively from Figs. 3(a) and (b) . Indeed, the BBR spectrum samples primarily the rovibrationally-dominated spectral region (λ > 20 µm) where the polarizability attains negative values, leading to a positive level shift by virtue of Eq. (2). On the other hand, BBR wavelengths below 20 µm primarily polarize the electronic structure of the molecule for which the polarizability is positive, and which explains the negative shift introduced by the electronic contribution (Table 4) . We also calculate differential BBR shifts to several transitions which may be amenable to Lamb-Dicke spectroscopy (Table 5) . For optical transitions, the differential shifts are relatively small and contribute at the level of 10 −16 . Assuming that the temperature of the BBR field in an experimental apparatus 5 can be determined to within ±10 K, we find from Eq. (9) that the BBR shift to optical transitions can be inferred from the polarizabilities derived here with relative accuracy better than 40%, or well below 10 −16 relative to the transition frequency. It should be noted that the shifts are much smaller than both the HD + hyperfine splittings 23 and Zeeman shifts due to magnetic fields typically encountered in experiments 3 . A more refined analysis of BBR shifts should therefore include the Zeeman effect as well as the hyperfine structure. 
Conclusion
The dynamic polarizability of rovibrational states in the 1sσ g electronic state of HD + has been evaluated by combining existing data on static polarizabilities with numerical calculations done using a simplified model of the HD + molecule. As a result of these numerical calculations, new values for radial dipole transition matrix elements were obtained which can be regarded as an improvement over existing values 8 . The thus found dynamic polarizabilities point out that the Stark effect due to BBR -an important systematic effect in optical spectroscopy of atomic ions and optical clocks -is highly dynamic for the molecular ion HD + , in contrast to BBR shifts to optical transitions in atomic ions 24 . In this respect, the case of HD + is similar to that of neutral molecules 16 . It is furthermore pointed out that the sign and magnitude of infrared dynamic polarizabilities depend strongly on the polarization state of the electric fields present. This insight is important for the evaluation of another well-known systematic shift in highresolution spectroscopy of trapped ions, namely the Stark shift due to the trapping electric fields 25 . Notwithstanding these salient features of the HD + polarizability, it is shown that T = 300 K BBR shifts become important for optical spectroscopy of HD + only at the 10 −16 level. The smallness of the BBR level shifts furthermore suggests that future, more refined polarizability calculations should take magnetic-field interactions and hyperfine structure into account.
Here, we used the definition of the irradiance I = cǫ 0 E 2 . Inserting Γ vJ (E) into Eq. (A.1) subsequently produces the level shift ∆ vJ (E).
To test the validity of the approximations made in Sec. 3.3.1 we apply Eq. (A.1) to two cases. In the first case, we adopt the approximation of Sec. 3.3.1 by first deriving the meansquare value of the BBR electric field, E 2 BBR (T ) , inserting it into Eq. (A.4), and subsequently calculating the level shift in the limit that E → 0 (i.e. assuming a static field). In the second case, we obtain the level shift by proper integration of Eq. (A.1) over the BBR energy spectral density.
For the first case, we find E For the second case, we rewrite the BBR mean-square electric field spectral density as 
(A.7) The errors introduced by the approximation in Sec. 3.3.1 can now be simply evaluated from the ratio ∆ 2) is incomplete; any numerical prefactor missing there will be common to both methods to compute ∆ vJ,BBR (T ), and cancel out in the ratio. For states with v ≤ 7, we find that the ratio 1 − ∆ stat vJ,BBR (T )/∆ dyn vJ,BBR (T ) ≤ 0.03. Comparing shifts due to monochromatic fields in a similar fashion, we observe that that the ratio 1 − ∆ vJ (0)/∆ vJ (E) ≤ 0.1 for λ = 4 µm, and decreases to 0 in the static-field limit. This translates directly to the accuracy of α vJM (ω) claimed in Sec. 3.3.1.
